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REVISITING FLOATING BODIES
O´SCAR CIAURRI, EMILIO FERNA´NDEZ, AND LUZ RONCAL
Abstract. The conic sections, as well as the solids obtained by revolving
these curves, and many of their surprising properties, were already studied by
Greek mathematicians since at least the fourth century B.C. Some of these
properties come to the light, or are rediscovered, from time to time. In this
paper we characterize the conic sections as the plane curves whose tangent
lines cut off from a certain similar curve segments of constant area. We also
characterize some quadrics as the surfaces whose tangent planes cut off from a
certain similar surface compact sets of constant volume. Our work is developed
in the most general multidimensional case.
1. Introduction
Throughout literature, we can find several properties of the plane regions ob-
tained by cutting off with a line from conic sections and of the solids obtained by
cutting off with a plane from quadrics of revolution. Let us show a brief chronolog-
ical exposition of some results concerning the topic so far.
In his book Quadrature of the Parabola (QP), Archimedes proved the following
result (see [13, (QP), Propositions 17 and 24, p. 246-252]):
Proposition 1 (QP). The area of any segment of a parabola is four thirds of the
area of the triangle which has the same base as the segment and equal height.
Here, the base of the parabolic segment is just the chord of the segment. The
height is the segment TR, where T is the midpoint of the base and R is the point
where the line parallel to the axis of the parabola through T meets the parabola, see
Figure 1. The line tangent to the parabola in R is parallel to the base. The point
R is the vertex of the segment [13, (QP), Proposition 1, p. 234 and Proposition 18,
p. 247].
Moreover, Archimedes uses the above result at the beginning of his book On
Conoids and Spheroids (CS) to prove (see [21, (CS), Proposition III; t. I, p. 149-
152]), see Figure 1:
Proposition 2 (CS). If from a same parabola two segments are cut off in any way,
and the diameters of the segments are equal, then the segments will have equal
area.
Here, Archimedes calls diameter the segment TR that he called height in (QP).
In fact, TR bisects all the chords parallel to the base of the segment.
The first propositions in (CS) concern plane geometry, some of them dealing
with the quadrature of the ellipse (Propositions 4-6) (we do not know any result by
Archimedes related to the quadrature of elliptic or hyperbolic segments). But the
main target in (CS) is to show the volumes of the solid segments cut off by a plane
from a paraboloid of revolution (or right-angled conoid), a two-sheeted hyperboloid
of revolution (or obtuse-angled conoid), and an ellipsoid of revolution (or spheroid).
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Figure 1. T and T ′ are midpoints of the respective chords. When
TR = T ′R′, then QT = Q′S, and the parabolic segments cut off
by the chords PQ and P ′Q′ have equal area.
In this way, generalizing the main result in (QP), Archimedes proves in (CS)
(see [13, (CS), Propositions 21 and 22, p. 131-133]):
Proposition 3 (CS). Any segment of a paraboloid of revolution is half as large
again as the cone or segment of a cone which has the same base and the same axis.
The definitions of base and vertex are the suitable adaptations from the one-
dimensional case. The axis is the segment joining the vertex with the center of the
base. In [13, (CS), Proposition 23, p. 134-136], he also proves the three dimensional
version of Proposition III of (CS), namely:
Proposition 4 (CS). If from a paraboloid of revolution two segments are cut off,
and if the axes of the segments are equal, the segments will be equal in volume.
From Propositions III and 23 of (CS), respectively, two corollaries follow: given
a parabola (respectively, a paraboloid) P, any line (plane) tangent to another
parabola (paraboloid) P ′ which is a translation of P along its axis of symmetry
cuts off from P a segment of constant area (volume). We find it in the literature as
one of the problems of the Cambridge Examinations for the Degree of B. A. around
1800: Required to prove, that if two parabolas of the same parameter, revolve round
their axes, which are in the same straight line, thereby generating two paraboloids
one within the other, and a plane be drawn touching the interior paraboloid in any
point whatever of its surface, this plane will cut off from the exterior paraboloid a
constant volume [22, p. 189-190].
On the other hand, the reciprocal statements are true, namely: If the straight
lines (planes, respectively) tangent to a certain smooth and regular curve (surface)
cut off from a given parabola (paraboloid) segments of constant area (volume), then
the curve (surface) must be a translation of the parabola (paraboloid) along its axis
of symmetry. This converse result was already known, at least, since the beginning
of XIX century. Indeed, we can find the following statement of another problem of
the Cambridge examinations around 1830: A plane is so moved as always to cut
off from a given paraboloid of revolution equal volumes; determine the equation to
the surface to which it is always a tangent [6, p. 38-40].
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Analogous results relative to the conservation of the area (volume) of the seg-
ments cut off from an ellipse (ellipsoid), or from one of the branches (sheets) of
an hyperbola (two-sheeted hyperboloid), by any straight line (plane) which is tan-
gent to a certain similar conic (quadric), concentric and homothetic of the former
can be also stated and proved. The converse results also hold; therefore, we have
characterizations for these other conic sections (quadrics, of revolution or not).
With regard to the reciprocal result we note that, both two-dimensional and
three-dimensional cases arise naturally in a geometrical-mechanic context which is
not far from Archimedes. In particular, from his two books On the floating bodies,
(FB). Let us think of an homogeneous piece of wood which is paraboloid-shaped
and that, due to its shape and the density of wood, can be floating in the water
in equilibrium, with the vertex heading the bottom, and only partially submerged.
When we move the piece a bit, the variable segment of paraboloid submerged in each
position of equilibrium has a constant volume V . This is because (we neglect the
weight of the air) the weight of the piece must be counterbalanced by the weight
of the water displaced, according to the Archimedes’ principle of Hydrostatics.1
Each plane that cuts off from the floating body this volume V is called a plane of
flotation. The planes of flotation envelop a surface called surface of flotation [9, p.
30-31]. The floating body [the ship] moves as if this surface rolls and slides on the
plane surface of the water, see [11, p. 156].
The converse result of the above states that, while the plane of flotation does not
attain the base of the segment of the floating paraboloid, the flotation surface will
be a portion of a paraboloid, whose shape is the same as the shape of the floating
paraboloid, translated along the axis of the latter.
Ch. Dupin showed in 1814 that the contact point of each plane of flotation with
the surface of flotation is the center of gravity of the chordal section (we suppose
that this section is homogeneous) intercepted in such plane by the exterior surface
of the floating body. In other words, the surface of flotation is the locus of the
centers of gravity of the associated chordal sections (see [17, p. 231-232] and [2, p.
125-127, §47]).
When the outer shape of the floating body is an ellipsoid or a sheet of a two-
sheeted hyperboloid, the surface of flotation is a concentric homothetic similar
quadric. When the outer shape is a one-sheeted suitably truncated (i.e., the trun-
cation leaves finite volumes) hyperboloid, the surface of flotation is a portion of a
sheet of a concentric two-sheeted hyperboloid with the same asymptotic cone, ho-
mothetic to the complementary two-sheeted hyperboloid. The surface of flotation
of a cone it is also a sheet of a two-sheeted hyperboloid. This is more familiar
to us. When the outer shape of the floating body is a paraboloid, the surface of
flotation is an identical paraboloid, translated along the axis [3, p. 27-35] (see also
[16, p. 262, p. 295 ss., p. 343-346] and [1, p. 50-51]). It is also remarkable that
J. Pollard and A. Dudebout [16, p. 343-344] give a proof by synthetic geometry of
the qualitative (not metric) part of these results.
In the work by B. Richmond and T. Richmond [18], we find twelve results of
characterization of a parabola. The aim of our work is to provide, in a multidi-
mensional context, characterizations of generalized quadrics as hypersurfaces whose
1[13, p. 257-259: (FB), Book I, Propositions 5-7]. Archimedes studies the stability of the
flotation of a right segment of a paraboloid of revolution in Book II of (FB).
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tangent planes cut off, from a certain similar hypersurface, compact sets of a con-
stant volume. In this regard, in the present work we try to unify the direct and
converse results found in the literature about conics and quadrics, and present them
as characterization theorems of generalized quadrics, in a multidimensional context.
We will deal with the constant (n+ 1)-dimensional volumes (n ≥ 1) of the com-
pact sets cut off by n-dimensional hyperplanes from generalized quadrics (paraboloids,
two-sheeted hyperboloids, and ellipsoids, but also cones and one-sheeted truncated
hyperboloids) in the Euclidean space En+1. Such extensions are inspired by the
paper [10] of M. Golomb.
The procedure used in our proofs is based on (n + 1)-tuple integration and it
seems to be new, or at least, it has not been used in any of the revised results in
this introduction.
Throughout the paper, we use the following definitions and notations. We write
(x, z) = (x1, . . . , xn, z) to denote a generic point of E
n+1. Given a differentiable
function g, defined on En+1, we will denote the partial derivatives as gxi , for i =
1, . . . , n, and gz, when referring to the (n+ 1)-th coordinate. We will say that the
nonempty set M ⊂ En+1 is a C(2)-surface if there exists an open set A ⊂ En+1
and a real-valued function g ∈ C(2)(A) such that ∑ni=1 |gxi(x, z)| + |gz(x, z)| > 0
whenever g(x, z) = 0, and M = g−1(0) (see, for example, [20, Th. 5-1]). When
g is a quadratic polynomial in the variables x1, . . . , xn, z, the surface is called
a quadric. For example, if |ai| > 0 for all i = 1, . . . , n, then z =
∑n
i=1 a
2
ix
2
i is a
paraboloid, z2 +
∑n
i=1 a
2
ix
2
i = 1 is an ellipsoid, z
2−∑ni=1 a2ix2i = −1 is a one-sheeted
hyperboloid, and z2−∑ni=1 a2ix2i = 1 is the complementary two-sheeted hyperboloid,
both with asymptotic cone z2 −∑ni=1 a2ix2i = 0. The upper sheet of the latter
hyperboloid is the surface contained into the half-space {z ≥ 1}.
When M is a C(2)-surface such that M = ∂K, where the set K ⊂ En+1, with
nonempty interior, is compact and convex, we will call M a C(2)-ovaloid.
Finally, by Vm(S) we denote the m-dimensional volume of the compact set S.
The structure of the paper is as follows. In Section 2 we present the preliminary
plane parabolic case (n = 1). In the sequel sections we will show multidimensional
extensions for the parabolic, two-sheeted hyperbolic, one-sheeted hyperbolic, conic,
and elliptic cases. In the two-sheeted hyperbolic and elliptic cases we also extend
the direct results proved by Archimedes in (CS). Some of the computations will be
moved to a final appendix.
2. Characterizing a parabola
As we said in the introduction, the direct part of the following theorem is an
immediate corollary of Proposition 2. It was already presented by the first author
in [5]. In this section, we provide a characterization of the parabola. We mentioned
earlier that other characterizations of the parabola were already supplied in [18].
We denote by (x, z) the rectangular plane coordinates.
Theorem 1. Let p, k ∈ R and pk > 0. Every straight line tangent to the parabola
P ′ : z = p2x2 + k2 cuts off from the parabola P : z = p2x2 a parabolic segment of
constant area equal to 43
k3
p (Figure 2).
Conversely, let f ∈ C(2)(R) be such that f(x) > p2x2 for all x ∈ R. If the tangent
line to the curve z = f(x) at each one of its points cuts off from the parabola P a
segment of constant area A, then f(x) = p2x2 + k2, where k = 3
√
3pA/4.
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Figure 2. The areas of the segments cut off from the parabola
z = p2x2 by the chords PQ and P ′Q′, tangent to the translated
parabola z = p2x2 + k2 respectively at the points T and T ′, are
equal.
Proof. Let T (x, z + k2) be any point of the parabola P ′. Let S be the parabolic
segment which the tangent line to P ′ at the point T cuts off from the parabola P.
The vertex of S is the point R(x, z). We have |TR| = k2, a constant, and thus, by
Proposition 2, the area of S is constant (independent of the point T ). We may know
the value of this constant by computing, for example, the area of the right segment
S0 corresponding to T (0, k2), using Proposition 1. Then we have (see Figure 3)
Figure 3.
V2(S) = 4
3
· area(4POQ) = 4
3
k3
p
.
Conversely, let us suppose that the straight line `, tangent to the curve z = f(x)
at a generic point L(x, z), where z = f(x), cuts off from the parabola P a parabolic
segment of constant (independent of x) area A > 0. Let k = 3
√
3A/4, and write
f ′(x) = m.
The condition z > p2x2 assures that the line ` meets P in two points P and Q
(see Figure 4). Furthermore, if the abscissæ of P and Q are ξ1 and ξ2 (ξ2 ≥ ξ1),
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Figure 4. The area of the parabolic segment is 4/3 of the area of 4PRQ.
we have
ξ2 − ξ1 = 2
√
z −mx+ m
2
4
.
The vertex of the parabolic segment S which ` cuts off from P is the point
R ∈ P which has abscissa (ξ2 + ξ1)/2 = m/2. Then, the area of S is, according to
Proposition 1,
A =
2
3
·
∣∣∣∣∣∣
1 ξ2 ξ
2
2
1 ξ1 ξ
2
1
1 ξ1+ξ22
(
ξ1+ξ2
2
)2
∣∣∣∣∣∣
=
1
6
(ξ2 − ξ1)3
=
4
3
(
z −mx+ m
2
4
)3/2
.
And, since A = 43k
3, we arrive at the equation
z −mx+ m
2
4
= k2,
or
(1) f(x)− xf ′(x) + 1
4
(f ′(x))2 − k2 = 0,
which must be satisfied by the unknown function f(x) for all x ∈ R. This is a
Clairaut’s first order ordinary differential equation.
The one-parameter family of lines solution of (1)
(2) φ(x, z, λ) := z − λx+ λ
2
4
− k2 = 0
is called the general solution. The differential equation admits only another so-
lution, the singular integral. This is the envelope of the family (2), namely, the
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Figure 5. The parabola z = x2, some lines of the associated
family φ(x, z, λ) = 0, and the envelope of this family of lines, the
parabola z = x2 + k2.
equation which is obtained by eliminating λ from the parametric equations
φ(x, z, λ) = 0,
∂φ(x, z, λ)
∂λ
= 0.
Then, we get the translated parabola
z = f(x) = x2 + k2
as the only valid solution for the converse statement (Figure 5). 
3. The general parabolic case
The base of an (n+ 1)-dimensional segment of paraboloid is the chordal section
taken in the inner part of a paraboloid by the hyperplane that cuts off the parab-
oloid. In general, it will be an (n + 1)-dimensional ellipsoid. The vertex is the
contact point with the paraboloid of the hyperplane which is parallel to the base
and tangent to the paraboloid. The axis is the straight segment which joins the
vertex with the center of the ellipsoid in the base. The lemma which follows can
also be obtained by n-tuple integration [10, p. 139-140].2
Lemma 1. Let n ≥ 1. Let (p1, . . . , pn) ∈ Rn and P = (x, z) ∈ Rn+1 be fixed.
Suppose that z >
∑n
i=1 xi
2. The Euclidean volume of the compact set S ⊂ En+1, cut
off by the hyperplane Υ: z− z = ∑ni=1 pi(xi−xi) from the paraboloid z = ∑ni=1 x2i ,
is equal to F0 (ζP ) , where ζP = z −
∑n
i=1 pi xi +
∑n
i=1
pi
2
4 and
(3) F0(t) =
pin/2
Γ(n/2 + 2)
tn/2+1.
In fact, this volume is equal to 2(n+1)n+2 times the volume of the cone K which has
the same base and the same axis as S.
2In [10, Th. 2], S. Golomb shows, establishing the (n+ 1)-dimensional extension of the above
cited results, that the Archimedean factors 4/3 for n = 1, and 3/2 for n = 2, generalize to
2(n+1)
n+2
.
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Proof. The volume of S is given by the (n+ 1)-tuple integral
Vn+1(S) =
∫
S
dx dz.
Change the variables according to the following affine transformation (see Figure
6)
(4)

x1
x2
...
xn
z
 =

p1
2
p2
2
...
pn
2∑n
1=1 pi
2
4
+

1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 1 0
p1 p2 · · · pn 1


y1
y2
...
yn
ζ
 .
Figure 6. The two-dimensional plane defined by the axis of sym-
metry of the paraboloid and the normal vector of the hyperplane Υ
(a scheme).
The equation of the hyperplane Υ in the new variables is ζ = ζP and the equation
of the paraboloid turns in ζ =
∑n
i=1 y
2
i , so that, for each fixed value of ζ, the chordal
section C(ζ) in the transformed (y, ζ)-domain S∗ is a n-sphere of radius ζ1/2.
The ζ-coordinate is 0 for the hyperplane Υ′ parallel to Υ and which is tangent
to the paraboloid at the point R, origin of the (y, ζ)-coordinates.
The Jacobian of the transformation is ∂(x,z)∂(y,ζ) = 1. On the other hand, the n-
dimensional volume of the n-sphere of radius r > 0 is given by the formula
(5) αn(r) =
pin/2
Γ(n/2 + 1)
· rn.
Then, writing V ∗n (L) for the n-volume of the region L in the (y, ζ)-space,
Vn+1(S) =
∫
S∗
dy dζ =
∫ ζP
0
V ∗n (C(ζ)) dζ = αn(1)
∫ ζP
0
ζn/2 dζ
=
2pin/2
(n+ 2)Γ(n/2 + 1)
ζ
n/2+1
P = F0(ζP ),
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as stated.
The Archimedean cone K has base C(ζP ) and vertex R. We have
Vn+1(K) =
∫
K
dx dz =
∫
K∗
dy dζ =
∫ ζP
0
V ∗n (K(ζ)) dζ,
where K(ζ) are the n-dimensional sections of K which are parallel to the base
C(ζP ) = K(ζP ). From elementary geometry we have
V ∗n (K(ζ))
V ∗n (C(ζP ))
=
( ζ
ζP
)n
,
so that
Vn+1(K) = V ∗n (C(ζP ))
ζP
n+ 1
=
pin/2
Γ(n/2 + 1)
ζ
n/2
P ·
ζP
n+ 1
=
pin/2
(n+ 1)Γ(n/2 + 1)
ζ
n/2+1
P ,
and this yields
Vn+1(S) = 2(n+ 1)
n+ 2
· Vn+1(K),
(already stated by Archimedes for n = 1 and n = 2). 
The direct case of the next result for n = 1 and n = 2 (and for a paraboloid
of revolution) is due to Archimedes, as we noted above. And the converse result,
for n = 2, is equivalent to find the surface of flotation of a floating paraboloid.
A. Bravais [3, p. 34-35] already showed that it was an identical paraboloid.
Theorem 2. Let n ≥ 1. Let p1, . . . , pn > 0, and k > 0 be fixed, and p(x) =∑n
i=1 p
2
ix
2
i for all x ∈ Rn. Every hyperplane tangent to the paraboloid z = p(x)+k2
cuts off from the paraboloid z = p(x) a (n + 1)-dimensional compact set S of
constant Euclidean volume equal to F (k2) = p1 · · · pnF0(k2).
Conversely, let f ∈ C(2)(Rn) be a real-valued function such that
(6) f(x) > p(x) for all x ∈ Rn.
If every hyperplane tangent to the C(2)-surface z = f(x) cuts off from the parabo-
loid z = p(x) a compact set of constant (n + 1)-dimensional Euclidean volume V ,
then f(x) = p(x) + k2, where k2 = F−1(V ).
Proof. Without loss of generality we can consider pi = 1 for all i = 1, . . . , n.
The linear transformation xi = piXi (i = 1, . . . , n), z = Z turns the paraboloids
z =
∑n
i=1 x
2
i and z =
∑n
i=1 x
2
i + k
2, respectively, into the paraboloids Z = p(X)
and Z = p(X) + k2 and the theorem follows from this special case.
For the direct result, just consider Υ the hyperplane tangent to the paraboloid
z =
∑n
i=1 x
2
i + k
2 at the generic point T (x, z),
Υ: z = z + 2
n∑
i=1
xi(xi − xi) = k2 + 2
n∑
i=1
xixi −
n∑
i=1
xi
2.
By applying Lemma 1 (we have in this case pi = 2xi and z =
∑n
i=1 xi
2 + k2; the
(x, z)-coordinates of the pointR are (x, z−k2)), it results that the Euclidean volume
of the compact set S is F0(k2), as stated (observe that, for example, V3(S) = pi2 k4).
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Conversely, assume that every hyperplane tangent to the C(2)-surface unknown
z = f(x) cuts off from the paraboloid z =
∑n
i=1 x
2
i , a compact set of constant
(n+ 1)-dimensional Euclidean volume V . Let k2 = F−10 (V ).
Let P = (x, z) (z = f(x)) be an arbitrary point of the surfaceM : z = f(x). We
are assuming that
∑n
i=1 |fxi(x)| 6= 0 and f(x) >
∑n
i=1 xi
2. The tangent hyperplane
to M at the point P is
ΥP : z − z =
n∑
i=1
pi(xi − xi),
where we have written fxi(x) = pi for i = 1, . . . , n. By applying Lemma 1 it results
that
V = F0
(
z −
n∑
i=1
pi xi +
n∑
i=1
pi
2
4
)
.
But we had also V = F0(k
2). As F0 is one-to-one, we get
z =
n∑
i=1
pi xi + k
2 −
n∑
i=1
pi
2
4
.(7)
In this manner, since x runs over Rn, the condition which we have obtained for
the unknown C(2)-surface z = f(x) is the Clairaut’s first order partial differential
equation
(8) f(x) =
n∑
i=1
fxi(x)xi + k
2 − 1
4
n∑
i=1
(
fxi(x)
)2
,
of which the complete integral3 is formed by the n-parameter family of hyperplanes
(9) z =
n∑
i=1
aixi + k
2 − 1
4
n∑
i=1
a2i .
The singular integral of (8) is the translated paraboloid z =
∑n
i=1 x
2
i + k
2,
envelope of the n-parameter family of hyperplanes (9). It is obtained by eliminating
the n parameters ai from the equations{
z =
∑n
i=1 aixi + k
2 − 14
∑n
i=1 a
2
i ,
xi =
ai
2 , i = 1, . . . , n.

Remark 1. Apart from the complete integral and the paraboloid z =
∑n
i=1 x
2
i +k
2,
equation (8) also admits as solution (see [7, p. 103-105]) the envelope of any
arbitrary r-parameter subfamily of hyperplanes (1 ≤ r ≤ n − 1) selected from (9)
by means of arbitrary functions (ai = ϕ(t1, . . . , tr) for i = 1, . . . , n, say). But these
3See, for example, [7, p. 94-95]. A n-parameter family z = φ(x1, . . . , xn; a1, . . . , an) of solutions
of a first order partial differential equation is called a complete integral of the equation in a region
of the (x1, . . . , xn)-space if in the region considered the rank of the matrix
M =

φa1 φx1a1 · · · φxna1
φa2 φx1a2 · · · φxna2
..
.
..
.
. . .
...
φan φx1an · · · φxnan

is n. In our case, the matrix M is the identity matrix for all x ∈ Rn.
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type of envelopes are, in general, n-manifolds generated by linear (n− r)-manifolds
(or (n−r)-flats, see [12, p. 39]) that will pass through the paraboloid z = ∑ni=1 x2i ,
and will not verify the stated condition (6)
In particular, for n = 2 (x = (x, y)), a complete integral of (8) in R2 consists of
the two-parameter family of planes
(10) z = ax+ by + k2 − a
2
4
− b
2
4
.
The envelope of any one-parameter subfamily of (10) obtained considering, say,
b = ϕ(a) where ϕ is any function twice continuously differentiable, that is, the
surface defined by {
z = ax+ yϕ(a) + k2 − a24 − (ϕ(a))
2
4 ,
0 = x+ yϕ′(a)− a2 − ϕ(a)ϕ
′(a)
2 ,
is also a solution of (8). These envelopes form in this case the general solution of
the equation. All these surfaces are developable, that is, ruled surfaces (in general,
cylinders, cones or tangential developables, see for example [14, p. 204-208]) with
the same tangent plane along each one of its ruling lines. Anyway, the rulings
generating these types of surfaces will pass through the paraboloid z = x2 + y2,
and the stated condition (6) will be not verified. On the other hand, surfaces defined
in all R2 formed by pasting pieces of the types above, can be inside the paraboloid
z = x2 + y2, but will fail the smoothness condition along the lines of paste.
The singular integral, envelope of the two-parameter family of planes (10), ob-
tained by eliminating both parameters a and b from the equations
z = ax+ by + k2 − a24 − b
2
4 ,
x = a2 ,
y = b2 ,
is the translated paraboloid z = x2 +y2 +k2, the only valid solution of the converse
statement when n = 2.
4. Hyperbolic surfaces and cones
In this section we analyze the surfaces of flotation for two-sheeted hyperboloids,
one-sheeted hyperboloids, and also for the cones. In all the cases we use a similar
idea to obtain the volume of the region limited by the corresponding quadric and
some hyperplanes.
4.1. The general two-sheeted hyperbolic case. As in the case of the parabo-
loid, Archimedes defined the vertex of a hyperboloidal segment as the contact point
with the hyperboloid of the hyperplane which is parallel to the base and tangent
to the hyperboloid, see Figure 7. The axis of the segment is the portion cut off
within the segment from the line drawn through the vertex of the segment and
the vertex of the asymptotic cone enveloping the hyperboloid, i.e., the center of
the hyperboloid. The semidiameter of the hyperboloid through R is the distance
between such vertices [13, p. 101]. Archimedes proves in (CS) (see [13, p. 136-140:
(CS), Propositions 25-26]):
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Proposition 5. If R is the vertex and |RT | the length of the axis of any segment
cut off by a plane from a sheet of a two-sheeted hyperboloid of revolution, and
if |OR| is the semidiameter of the hyperboloid through R, with OR in the same
straight line of RT , then
V (S)
V (K) =
|RT |+ 3 |OR|
|RT |+ 2 |OR| ,
where V (S) and V (K) denote, respectively, the volumes of the segment and of the
cone or segment of a cone with the same base and axis.
Our next lemma is an extension of this Archimedes result and it gives the vol-
ume of the region limited by a two-sheeted hyperboloid and a hyperplane in the
Euclidean space En+1.
Lemma 2. Let n ≥ 1. Let (p1, . . . , pn) ∈ Rn and P = (x, z) ∈ Rn+1 be fixed.
Let d = z −∑ni=1 pi xi and q = 1 −∑n1=1 pi2. Suppose that4 q > 0 and d ≥ √q.
The Euclidean volume of the compact set S ⊂ En+1 cut off by the hyperplane
Υ: z − z = ∑ni=1 pi(xi − xi) from the set H = {(x, z)|z ≥ 1; ∑ni=1 x2i ≤ z2 − 1} is
equal to G0(ζP ), where ζP = d/
√
q and
(11) G0(t) =
pin/2
Γ(n/2 + 1)
∫ t
1
(ζ2 − 1)n/2 dζ.
In fact, this volume is equal to n+1
(ζ2P−1)n/2(ζP−1)
∫ ζP
1
(ζ2−1)n/2 dζ times the volume
of the cone which has the same base and the same axis as the segment.
Proof. The (n+ 1)-dimensional volume of S is
Vn+1(S) =
∫
S
dx dz.
The hyperplane parallel to Υ and tangent to ∂H has the equation
Υ′ : z =
n∑
i=1
pixi +
√
q,
and the tangency point of Υ′ and ∂H is
R =
(
p1√
q
, . . . ,
pn√
q
,
1√
q
)
,
as can be easily checked.
Change the variables according to the following linear transformation
(12)

x1
x2
...
xn
z
 =

1 0 · · · 0 p1√q
0 1 · · · 0 p2√q
...
...
. . .
...
...
0 0 · · · 1 pn√q
p1 p2 · · · pn 1√q


y1
y2
...
yn
ζ
 .
The new y-hyperplane is the parallel to Υ through the origin, and the ζ-axis is the
ray OR (see Figure 7).
4With these conditions, the hyperplane Υ cuts off from the upper sheet of the hyperboloid
z2 = 1 +
∑n
i=1 x
2
i a compact set.
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Figure 7.
We have (see Note 1 in the Appendix)
(13)
∂(x, z)
∂(y, ζ)
=
1
q
Jn+1(p1, . . . , pn) =
√
q,
and we can easily check that the hyperplanes Υ′ and Υ turn respectively, by this
transformation of coordinates, into the hyperplanes ζ = 1 and ζ = ζP . Thus,
integration by slices gives
Vn+1(S) = √q
∫
S∗
dy dζ =
√
q
∫ ζP
1
V ∗n (C(ζ)) dζ.
The (y, ζ)-equation of the hyperboloid H is
(14)
n∑
i=1
(1− pi2)y2i − 2
∑
i<j
pi pjyiyj = ζ
2 − 1.
The section with each fixed hyperplane ζ = ζ ≥ 1 is a n-ellipsoid of semiaxes√
(ζ
2 − 1)/λi. Here, λi (1 = 1, . . . , n) are the eigenvalues of the symmetric matrix
associated to the definite positive quadratic form on the left hand side of (14). We
have (see Note 2 in the Appendix)
λ1 · · ·λn =
∣∣∣∣∣∣∣∣∣
1− p12 −p1 p2 · · · −p1 pn
−p1 p2 1− p22 · · · −p2 pn
...
...
. . .
...
−p1 pn −p2 pn · · · 1− pn2
∣∣∣∣∣∣∣∣∣ = Kn+1(p1, . . . , pn) = q,
so that, for 1 ≤ ζ ≤ ζP ,
V ∗n (C(ζ)) =
αn(1)√
q
(ζ2 − 1)n/2,
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where αn is given in (5), and
Vn+1(S) = αn(1)
∫ ζP
1
(ζ2 − 1)n/2 dζ,
as stated.
The Archimedean cone K has base C(ζP ) and vertex R. As
V ∗n (K(ζ))
V ∗n (C(ζP ))
=
( ζ − 1
ζP − 1
)n
,
we have
Vn+1(K) = √q
∫
K∗
dy dζ =
√
q
∫ ζP
1
V ∗n (K(ζ)) dζ
=
√
q
V ∗n (C(ζP ))
(ζP − 1)n
∫ ζP
1
(ζ − 1)n dζ
=
αn(1)
n+ 1
· (ζ2P − 1)n/2(ζP − 1).
Therefore,
Vn+1(S)
Vn+1(K) =
n+ 1
(ζ2P − 1)n/2(ζP − 1)
∫ ζP
1
(ζ2 − 1)n/2 dζ. 
Remark 2. a) Observe that, for example, for n = 1 we have
V2(S) = k
√
k2 − 1− cosh−1 k
and, for n = 2,
V3(S) = pi
3
(k − 1)2(k + 2).
b) When n = 2 we have
V3(S) = ζP + 2
ζP + 1
· V3(K),
as Archimedes said. Observe that |RT | / |OR| = ζP − 1, and thus
|RT |+ 3 |OR|
|RT |+ 2 |OR| =
ζP + 2
ζP + 1
.
The direct part of the following result for n = 2 should be a corollary of some
Archimedean proposition which should be related to Proposition 5, analogously as
Proposition 4 (on segments of a paraboloid) is related to Proposition 3. But there
is not in (CS) such a proposition.5
Theorem 3. Let n ≥ 1. Let a1, . . . , an+1 > 0 and k > 1 be fixed, and h(x, z) =
−∑ni=1 x2ia2i + z2a2n+1 . Every hyperplane tangent to any sheet of the hyperboloid
h(x, z) = k2 cuts off from the corresponding sheet of the homothetic hyperboloid
h(x, z) = 1, a compact (n + 1)-dimensional set S of constant Euclidean volume
G(k) = a1 · · · an+1G0(k).
5Perhaps the major complication of the formula explains the gap we observe in this place of
(CS) (and so later, with the segments of an ellipsoid).
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Conversely, let M : z = f(x) be a C(2)(Rn+1)-surface lying inside the upper
sheet of the hyperboloid h(x, z) = 1. If the hyperplane tangent to M at a generic
point P = (x, z) (z = f(x); fxi(x) = pi for i = 1, . . . , n) verifies the conditions
(15) a2n+1 −
n∑
i=1
a2i pi
2 > 0, and z −
n∑
i=1
pi xi ≥
√√√√a2n+1 − n∑
i=1
a2i pi
2
and cuts off from the upper sheet of h(x, z) = 1 a compact set of constant (inde-
pendent of P ) (n+ 1)-dimensional Euclidean volume V , thenM is the upper sheet
of the hyperboloid h(x, z) = k2, where k = G−1(V ) (k > 1).
Proof. Again, as in the proof of Theorem 2, by using a linear transformation, it is
enough to consider a1 = · · · = an = an+1 = 1.
Let Υ be the hyperplane tangent to the upper sheet of h(x, z) = k2 at the generic
point T = (x, z). We have z =
√
k2 +
∑n
i=1 xi
2 and pi = xi/z. The coordinates of
the point R are 1k (x, z). On the other hand, ζT = k and T belongs to the ray OR.
It suffices to apply Lemma 2 to conclude that Vn+1(S) = G0(k).
Conversely, we assume that the hyperplane Υ tangent to M at the point P =
(x, z) cuts off from the upper sheet of h(x, z) = 1 a compact set, and that this
compact set has a constant (n+ 1)-dimensional volume V . Let k = G−10 (V ).
With fxi(x) = pi for i = 1, . . . , n, the equation of Υ is
z =
n∑
i=1
pixi + z −
n∑
i=1
pi xi.
By applying Lemma 2 it results that
V = G0
 z −∑ni=1 pi xi√
1−∑n1=1 pi2
 .
But we had also V = G0(k), and G0 is a one-to-one function on the interval
(1,∞) (because H ′0(t) = Cnt(t2 − 1)n/2−1 6= 0 in (1,∞), where Cn is a constant
independent of k). From this, we conclude that
(16) z −
n∑
i=1
pi xi = k
√√√√1− n∑
1=1
pi
2,
once again a Clairaut’ first order partial differential equation, since x runs in Rn.
The solutions of (16) are the hyperplanes of the n-parametric family
φ(x, z, λ1, . . . , λn) := z −
n∑
i=1
λi xi − k
√√√√1− n∑
1=1
λ2i = 0,
the envelopes of r-parametric subfamilies with 1 ≤ r ≤ n − 1, and the singular
integral, the envelope of the complete family. The only acceptable solution is the
latter, just the upper sheet of the two-sheeted hyperboloid z2 −∑ni=1 x2i = k2,
centrally homothetic to z2 −∑ni=1 x2i = 1. Indeed, ∂φ∂λi = 0 gives xi = kλi√1−∑n1=1 λ2i
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for i = 1, . . . , n, from where
k2 +
n∑
i=1
x2i =
k2
1−∑ni=1 λ2i .
Then xi = λi
√
k2 +
∑n
i=1 x
2
i for i = 1, . . . , n, and z =
√
k2 +
∑n
i=1 x
2
i . 
4.2. The general one-sheeted hyperbolic case. In [16, p. 345] it is proved
that the surface of flotation of a certain portion of the solid bounded by the one-
sheeted hyperboloid z2 = x2 + y2 − 1 is a corresponding portion of a two-sheeted
hyperboloid centrally homothetic of the two-sheeted complementary hyperboloid
z2 = x2 + y2 + 1. Our next target is the proof of a (n+ 1)-dimensional analogous
of this result. As usual, we start with a lemma about the volume limited by the
corresponding quadric and, in this case, two hyperplanes.
Lemma 3. Let n ≥ 1 and ε > 0. Let (p1, . . . , pn) ∈ Rn and P = (x, z) ∈ Rn+1
be fixed. Let d = z −∑ni=1 pi xi and q = 1 −∑n1=1 pi2. Suppose that6 q > 0,
d ≥ 0, and 1 + εd ≥ √1 + ε2√1− q. The Euclidean volume of the compact set
Sε ⊂ En+1 cut off by the hyperplane Υ: z − z =
∑n
i=1 pi(xi − xi) from the set
Hε = {(x, z)|z ≥ −1/ε;
∑n
i=1 x
2
i ≤ 1 + z2} is equal to H0(ζP ), where ζP = d/
√
q
and
(17) H0(t) =
pin/2
Γ(n/2 + 1)
∫ t
−1/ε
(1 + ζ2)n/2 dζ.
Proof. Let
Υ′ : z =
n∑
i=1
pixi
be the hyperplane parallel to Υ passing through the origin. By symmetry, the
volume of the compact set B0 which Υ′ cuts off from Hε is equal to the volume of
the compact set which cuts off from Hε the hyperplane z = 0, namely,
V0 = Vn+1(B0) = αn(1)
∫ 0
−1/ε
(1 + ζ2)n/2 dζ,
as is easily seen. The volume of the compact set which the hyperplane Υ cuts off
from Hε is the sum of V0 and the volume V of the compact set Bε ⊂ Hε enclosed
between the hyperplanes Υ′ and Υ (see Figure 8). We can compute this volume
V with the same change of variables (12) we used above in Lemma 2. The new y-
hyperplane is just Υ′, and the ζ-axis goes through the centers of the n-dimensional
ellipsoidal sections of Hε parallel to Υ.
The hyperplanes Υ′ and Υ turn, respectively, into the hyperplanes ζ = 0 and
ζ = ζP . The volume of Bε is then
V =
√
q
∫
S∗
dy dζ =
√
q
∫ ζP
0
V ∗n (C(ζ)) dζ.
6With these conditions we can see that the set Sε, for all ε, is a compact set of nonempty interior
which contains the origin and contains completely the “base” {(x, z)|z = −1/ε; ∑ni=1 x2i ≤ 1+z2}
of the truncated hyperboloid Hε.
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Figure 8.
The (y, ζ)-equation of the one-sheeted hyperboloid is
(18)
n∑
i=1
(1− pi2)y2i − 2
∑
i<j
pi pjyiyj = 1 + ζ
2.
The section with each fixed hyperplane ζ = ζ ≥ 0 is a n-ellipsoid of semiaxes√
(1 + ζ
2
)/λi, where λi (1 = 1, . . . , n) are the eigenvalues of the symmetric matrix
associated to the definite positive quadratic form on the left hand side of (18). As
above in Lemma 2 we also have, for 0 ≤ ζ ≤ ζP ,
V ∗n (C(ζ)) =
αn(1)√
q
(1 + ζ2)n/2,
so that V = αn(1)
∫ ζP
0
(1 + ζ2)n/2 dζ, and
Vn+1(Sε) = V0 + V = αn(1)
∫ ζP
−1/ε
(1 + ζ2)n/2 dζ,
as stated. 
With the help of the previous lemma, proceeding as in Theorem 2 and Theorem
3 (leaving the details for the reader), we have the following result.
Theorem 4. Let n ≥ 1, a1, . . . , an+1 > 0, k > 0 and ε > 0 be fixed, and
h(x, z) = −∑ni=1 x2ia2i + z2a2n+1 . Every hyperplane tangent to the upper sheet of the
two-sheeted hyperboloid h(x, z) = k2 in a point T = (x, z) such that z ≤ ϕ(ε),
where
(19) ϕ(ε) :=
k
ε
(
k +
√
(1 + ε2)(1 + k2)
)
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cuts off, from the set Hε = {(x, z)|z ≥ −1/ε; h(x, z) ≥ −1}, a (n+ 1)-dimensional
compact set Sε of constant Euclidean volume H(k) = a1 · · · an+1H0(k).
Conversely, let ε > 0 be fixed and M : z = f(x) be a C(2)-surface lying inside
the upper cone C+ = {(x, z)|z > 0, h(x, z) ≥ 0}. If the hyperplane tangent to M
at any generic point P = (x, z) (z = f(x)) cuts off from the set Hε = {(x, z)|z ≥
−1/ε; h(x, z) ≥ −1} a (n+ 1)-dimensional compact set which contains completely
the base7 of Hε and has a constant (independent of P ) volume V , then M forms
the upper sheet of the two-sheeted hyperboloid h(x, z) = k2, where k = H−1(V )
(k > 0), truncated according to the condition z ≤ ϕ(ε).
4.3. The case of the general cone. With the change of variables (12) used in
Lemma 2 and Lemma 3, we can prove the following lemma giving the volume limited
by a cone and a hyperplane. The proof is similar to the given one for Lemma 2 so
we omit the details.
Lemma 4. Let n ≥ 1, (p1, . . . , pn) ∈ Rn and P = (x, z) ∈ Rn+1 be fixed. Let d =
z−∑ni=1 pi xi and q = 1−∑ni=1 pi2. Suppose that q > 0 and d ≥ 0. The Euclidean
volume of the cone S ⊂ En+1 cut off by the hyperplane Υ: z− z = ∑ni=1 pi(xi−xi)
from the set C = {(x, z)|z ≥ 0;∑ni=1 x2i ≤ z2} is equal to C0(ζP ), where ζP = d/√q
and
(20) C0(t) =
pin/2
Γ(n/2 + 1)
tn+1
n+ 1
.
We find references concerning the floating body for the cone in the case n = 2,
for example, in [3, p. 31-32], [1, p. 49-50], and [16, p. 346]. The corresponding
result for the (n+ 1)-dimensional case is the following one. We omit the proof, due
to its similarity to the proofs of Theorem 2 and Theorem 3. A proof of the next
result, from a geometric point of view, can be found in [15, Theorem 3.4].
Theorem 5. Let n ≥ 1, a1, . . . , an > 0 and k > 0 be fixed, and h(x, z) =
z2 −∑ni=1 x2ia2i . Every hyperplane tangent to the upper sheet of the two-sheeted
hyperboloid h(x, z) = k2 cuts off from the cone C = {(x, z)|z ≥ 0; h(x, z) ≥
0}, a (n + 1)-dimensional compact set S of constant Euclidean volume C(k) =
a1 · · · anC0(k).
Conversely, the C(2)-surface which envelopes the family of the hyperplanes cut-
ting off from the cone C a compact set8 of constant volume V is the upper sheet of
the two-sheeted hyperboloid h(x, z) = k2 where k = C−1(V ) (k > 0).
5. The general elliptic case
Concerning the volumes of the segments cut off by a plane from an ellipsoid ob-
tained by revolving an ellipse around its major or minor axis (spheroids), Archimedes
proves in (CS) three pairs of propositions, according to the volume of the segment
7Let fxi (x) = pi for i = 1, . . . , n, and d = z −
∑n
i=1 pi xi. They must satisfy the conditions
a2n+1 −
n∑
i=1
a2i pi
2 > 0, d ≥ 0, and (1 + εd)an+1 ≥
√
1 + ε2a2n+1
√√√√ n∑
i=1
a2i pi
2.
8Let P = (x, z) be a generic point and (p1, . . . , pn,−1) be the normal vector of any hyperplane
of that family. The conditions 1−∑ni=1 a2i pi2 > 0 and z −∑ni=1 pi xi ≥ 0 must be fulfilled.
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be equal to, or less than, or greater than, half the volume of the ellipsoid (see [13, p.
141-150: (CS), Propositions 27-32], and also [8, p. 259]). Comparing the volume
V (S) of the ellipsoidal segment to the volume V (K) of the cone with the same
base and axis (i.e., the segment joining the center of the base and the center of the
ellipsoid), Archimedes derives, for example in the second case (see Figure 9 below
for the used notation),
V (S)
V (K) =
3 |OR| − |RT |
2 |OR| − |RT | .
Lemma 5. Let n ≥ 1 and 0 < k < 1. Let (p1, . . . , pn) ∈ Rn and (x, z) ∈ Rn+1 be
fixed, verifying 0 < z2 +
∑n
i=1 xi
2 < 1.
The Euclidean volume of the smaller cup S ⊂ En+1 cut off from the sphere
z2 = 1−∑ni=1 x2i by the hyperplane Υ: z− z = ∑ni=1 pi(xi− xi), is equal to L0(d),
where
d =
|z −∑ni=1 pi xi|√
1 +
∑n
1=1 pi
2
is the distance from the origin to the hyperplane Υ, and
(21) L0(t) =
pin/2
Γ(n/2 + 1)
∫ 1
t
(1− ζ2)n/2 dζ.
In fact, this volume is equal to n+1
(1−d2)n/2(1−d)
∫ 1
d
(1 − ζ)n/2 dζ times the volume
of the cone which has the same base and the same axis as the cup.
Proof. Integration by spherical slices C(t) of measures αn(
√
1− t2) (see Figure 9)
yields, for the (n+ 1)-dimensional Euclidean volume of S, the expression
Figure 9.
Vn+1(S) =
∫ 1
d
Vn(C(t)) dt =
pin/2
Γ(n/2 + 1)
∫ 1
d
(1− t2)n/2 dt.
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The Archimedean cone K has base C(d) and vertex R. As
Vn(K(t))
Vn(C(d))
=
( 1− t
1− d
)n
,
we have
Vn+1(K) =
∫ 1
d
Vn(K(t)) dt =
Vn(C(d))
(1− d)n
∫ 1
d
(1− t)n dt
=
αn(1)
n+ 1
· (1− d2)n/2(1− d).
Therefore,
Vn+1(S)
Vn+1(K) =
n+ 1
(1− d2)n/2(1− d)
∫ 1
d
(1− t)n/2 dt. 
Remark 3. a) Observe that, for example, for n = 1 we have
V2(S) = cos−1 k − k
√
1− k2
and, for n = 2,
V3(S) = pi
3
(1− k)2(k + 2).
b) When n = 2, since |RT | / |OR| = 1− d, we have, as Archimedes said,
V3(S)
V3(K) =
2 + d
1 + d
=
3 |OR| − |RT |
2 |OR| − |RT | .
Our last theorem, which can be proved analogously as Theorem 2 and Theorem
3, characterizes the surfaces of flotation for ellipsoids.
Theorem 6. Let n ≥ 1 and 0 < k < 1. Let a1, . . . , an+1 > 0 be fixed, and `(x, z) =∑n
i=1
x2i
a2i
+ z
2
a2n+1
. The volume of the compact set ((n+ 1)-dimensional) S of smaller
Euclidean volume cut off from the ellipsoid `(x, z) = 1 by any hyperplane tangent
to the ellipsoid `(x, z) = k2, is constant and equal to L(k) = a1 · · · an+1L0(k).
Conversely, letM = φ−1(0) be a C(2)-ovaloid lying inside the ellipsoid `(x, z) =
1. If the volume of the compact set ((n + 1)-dimensional) S of smaller Euclidean
volume cut off from the ellipsoid `(x, z) = 1 by any hyperplane tangent to M
is constant and equal to V , then (except for a multiplicative constant) φ(x, z) =
`(x, z)− k2, where k = L−1(V ).
Remark 4. In Theorem 2 we characterized the surface of flotation for a paraboloid.
To conclude our paper, we observe that Theorem 2 can be deduced in a nice way
from Theorem 6, as can be found in [1, p. 50-51] for n = 2 (see also [16, p. 345]).
Indeed, from Theorem 6, the surface of flotation of an ellipsoidal floating body
of semiaxes a1, . . . , an, and an+1, that is, the envelope of the hyperplanes cutting
off from this ellipsoid a compact segment of constant volume V , is the concentric
and homothetic ellipsoid of semiaxes ka1, . . . kan, and kan+1, where k = L
−1(V ) ∈
(0, 1), so that
V = a1 · · · an+1 pi
n/2
Γ(n/2 + 1)
∫ 1
k
(1− ζ2)n/2 dζ.
If the equation of the paraboloid floating is 2z =
∑n
i=1
x2i
αi
, then, from the floating
ellipsoid
∑n
i=1
x2i
a2i
+ (z−an+1)
2
a2n+1
= 1, let us make a1, . . . , an, and an+1 tend to infinity
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in such a way that
a2i
an+1
→ αi for each i = 1, . . . , n. If V denotes the finite volume
immersed, then Va1···anan+1 → 0, so that k → 1. Hence the surface of flotation is an
identical paraboloid. The distance between its vertex and the vertex of the given
paraboloid is the limiting value of an+1(1− k), namely,
γ =
(
Γ(n/2 + 1)V
(2pi)n/2
√
α1 · · ·αn
) 2
n+2
.
Therefore, the surface of flotation is the paraboloid 2(z − γ) = ∑ni=1 x2iαi .
Appendix
Note 1. Let n ≥ 1.
Jn+1(a1, . . . , an) =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 · · · 0 a1
0 1 0 · · · 0 a2
0 0 1 · · · 0 a3
...
...
...
. . .
...
...
0 0 0 · · · 1 an
a1 a2 a3 · · · an 1
∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1−
n∑
i=1
a2i .
Proof. By induction. We have J2(a) = 1−a2 and, assuming that Jn(a1, . . . , an−1) =
1−∑n−1i=1 a2i , we get, developing by the first row,
Jn+1(a1, . . . , an) = Jn(a2, . . . , an) + (−1)n+2a1 ·
∣∣∣∣∣∣∣∣∣∣∣
0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
a1 a2 a3 · · · an
∣∣∣∣∣∣∣∣∣∣∣
= 1−
n∑
i=2
a2i + (−1)n+2(−1)n+1a21 = 1−
n∑
i=1
a2i ,
as required. 
Note 2. Let n ≥ 1.
Kn(a1, . . . , an) =
∣∣∣∣∣∣∣∣∣∣∣
1− a21 −a1a2 · · · −a1an−1 −a1an
−a1a2 1− a22 · · · −a2an−1 −a2an
...
...
. . .
...
...
−a1an−1 −a2an−1 · · · 1− a2n−1 −an−1an
−a1an −a2an · · · −an−1an 1− a2n
∣∣∣∣∣∣∣∣∣∣∣
= 1−
n∑
i=1
a2i .
Proof. By induction. For n = 1 is trivial. For n = 2,
K2(a1, a2) =
∣∣∣∣1− a21 −a1a2−a1a2 1− a22
∣∣∣∣ = 1− (a21 + a22).
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Assume the result for all positive integers smaller than n. We can develop Kn by
the Desnanot-Jacobi adjoint matrix theorem [4, Theorem 3.12, p. 111-113]:
(22) Kn(a1, . . . , an) =
1
Kn−2(a2, . . . , an−1)
· {Kn−1(a1, . . . , an−1) ·Kn−1(a2, . . . , an)−D2n−1} ,
where we have denoted by Dn−1 (and we have used that the determinant of a
matrix is equal to the determinant of the transposed) the determinant
Dn−1 =
∣∣∣∣∣∣∣∣∣∣∣
−a1a2 −a1a3 · · · −a1an−1 −a1an
1− a22 −a2a3 · · · −a2an−1 −a2an
−a3a2 1− a23 · · · −a3an−1 −a3an
...
...
. . .
...
...
−an−1a2 −an−1a3 · · · 1− a2n−1 −an−1an
∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1a2a3 · · · an
∣∣∣∣∣∣∣∣∣∣∣
a1 a1 · · · a1 a1
− 1a2 + a2 a2 · · · a2 a2
a3 − 1a3 + a3 · · · a3 a3
...
...
. . .
...
...
an−1 an−1 · · · − 1an−1 + an−1 an−1
∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1(−1)n−2a2a3 · · · an
∣∣∣∣∣∣∣∣∣∣∣
0 0 · · · 0 a1
1
a2
0 · · · 0 a2
0 1a3 · · · 0 a3
...
...
. . .
...
...
0 0 · · · 1an−1 an−1
∣∣∣∣∣∣∣∣∣∣∣
= −a2a3 · · · an · (−1)n a1
a2a3 · · · an−1 = (−1)
n−1a1an.
Substituting in (22) and applying the induction hypothesis it turns out
Kn(a1, . . . , an) =
1
1−∑n−1i=2 a2i ·
(
(1−
n−1∑
i=1
a2i ) · (1−
n∑
i=2
a2i )− a21a2n
)
= 1−
n∑
i=1
a2i ,
as required. 
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